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This paper presents a novel inhomogeneous volumetric mesh deformation approach by gradient field

manipulation, and uses it for maxillofacial surgery simulation. The study is inspired by the state-of-the-

art surface deformation techniques based on differential representations. Working in the volumetric

domain instead of on only the surface can preserve the volumetric details much better, avoid local self-

intersections, and achieve better deformation propagation because of the internal mesh connections. By

integrating the mesh cell material stiffness parameter into our new discrete volumetric Laplacian

operator, it is very convenient to incorporate inhomogeneous materials into the deformation

framework. In addition, the system matrix for solving the volumetric harmonic field to handle the

local transformation problem is the same used for Poisson reconstruction equation, thus it requires

solving essentially only one global linear system. The system is easy to use, and can accept explicit

rotational constraints, or only translational constraints to drive the deformation. One typical

maxillofacial surgery case was simulated by the new methodology with inhomogeneous material

estimated directly from CT data, and compared to the commonly used finite element method (FEM)

approach. The results demonstrated that the deformation methodology achieved good accuracy, as well

as interactive performance. Therefore, the usage of our volumetric mesh deformation approach is

relevant and suitable for daily clinical practice.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Maxillofacial surgery treats abnormalities of the skeleton
of the head, including osteotomies, bone fragment repositioning,
restoration of bone defects, and inserting implants. The human
face plays a key role in interpersonal relationships, and even
very subtle malformation of facial proportions can strongly affect
the appearance of a face and determine aesthetic aspects such
as individual beauty. Therefore, planning of the operation and
reliable prediction of the facial changes are very important in view
of a better preparation, shorter operation time, and improved
surgical outcome.

Currently, bone related pre-operative planning and simulation
is a relatively mature technology [1], but the prediction of the soft
tissue deformation is still an open and very active research field.
In particular, the deformation accuracy and computation time are
the main constraints for the modeling of soft tissue in daily
clinical practice.
ll rights reserved.

mail.com (S.-h. Liao).
The two most popular and widely used methods for modeling
of deformable soft tissue are mass–spring model and finite
element method (FEM). A mass–spring model consists of a set
of point masses that are connected by springs, whose physics
is straight forward. After the pioneering work of Terzopoulos
and Walters [2,3], a large variety of these models have been
implemented due to their simplicity of implementation and
relatively low computational complex [4–8]. Until the work of
Teschner et al. [7,8], mass–spring models were typically combined
with a time-integration scheme of the Newtonian motion
equation to find the deformation of the soft tissues. Teschner
suggested that only the deformation of the tissues was important
and not the animation to the new position. He proposed the use of
an iterative scheme to directly find the new deformed position,
and reduced the simulation time to less than 20 s. But the
simplicity of mass–spring model comes at the price of a few
drawbacks, e.g., the behavior of the system depends on the way
the spring network is set up; it is also difficult to tune the spring
constants to get the desired behavior; and it cannot capture
volumetric effects directly such as volume conservation or
prevention of volume inversions.

In contrast, FEM is a more biomechanical relevant model as
derived directly from continuum mechanics. Although considered
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to be less efficient than mass–spring model, there is a growing
trend in using FEM to model soft tissue behavior for providing
more accurate deformation result. Koch et al. [9] presented a non-
linear FEM model with C1-continuous surface to simulate the new
facial outlook. Keeve et al. [10] employed prismatic elements to
construct the facial model. Sarti et al. [11] provided a voxel-based
model constructed directly form CT data and simulated on a super
computer. Zachow et al. [12] presented a tetrahedral model, which
was better suited for simulation of biological objects, and was able
to compute the new facial outlook in less than 5 min. Chabanas
et al. [13] was one of the first to present a complete maxillofacial
planning protocol. To overcome the difficult meshing step, he
registered a generic model with muscles structures to patient
specific data, which enabled simulation of the post-operative
functional behavior. This functional simulation of the facial
expressions after surgery was introduced by Gladilin at the same
moment [14]. More recently, Westermark et al. [15] reported on
a quantitative validation for one patient, and concluded that a
mean prediction error of 1–1.5 mm could be achieved with their
model.

It is worth noticing that Cotin et al. [16] recently introduced a
new soft tissue deformation model, called the ‘‘mass-tensor
model’’, which has the easy architecture of the mass–spring
model, but keeps the bio-mechanical relevance of FEM. Molle-
mans et al. proposed the usage of a tetrahedral mass-tensor model
with two extensions—a direct computation step and a local
dynamic stop criterion, to simulate the maxillofacial surgery very
fast with a limited accuracy [17]. They reported that the average
simulation time of the mass-tensor model equals more or less
10 s, achieving an average time gain of more than 40% compared
to FEM or mass–spring model [18].

Despite these good results, further studies are still very
necessary to make the soft tissue deformation model more
computationally efficient and physically plausible. It is increas-
ingly required to develop real-time interactive simulation systems
from the point of view of clinical practice. To address the problem,
this paper presents a novel inhomogeneous volumetric mesh
deformation approach by volumetric gradient field manipulation,
and uses it to predict new facial outlook for maxillofacial surgery
simulation.

The major contributions in this work include the following:
(1)
 Deduce a new material weighted cotangent Laplacian operator

for volumetric mesh.

(2)
 Develop a novel inhomogeneous volumetric mesh deforma-

tion approach by gradient field manipulation, which requires
solving essentially only one global linear system and is very
efficient. In addition, the system can accept explicit rotational
constraints, OR only translational constraints to drive the
deformation, thus is very easy to use.
(3)
 Demonstrate an application of the inhomogeneous volumetric
mesh deformation approach for the maxillofacial surgery
simulation.
Fig. 1. Twist deformation (360�) for (a) tetrahedral volumetric mesh and (b)

triangle surface mesh.
2. Design considerations

The study is inspired by the state-of-the-art surface deforma-
tion techniques based on differential representations, which have
gained significant popularity recently for their robustness, speed,
and ease of implementation [19–34]. The main idea behind this
family of deformation techniques is to use a surface representa-
tion that puts the local differential properties in focus, and to
preserve these differential properties under deformation, aspiring
to obtain an intuitive, detail-preserving deformation result [32].
Generally speaking, this is achieved by constructing the differ-
ential representation of the input surface, then manipulating this
representation according to the modeling constraints, and finally
performing ‘‘integration’’ or reconstruction of the surface coordi-
nates from the modified differential representation. Various
techniques differ by the particular differential properties they
use, e.g., gradient-based representation [19,22,23,28] and Lapla-
cian-based representation [20,21,26,29], and the manipulation
thereof, but the general framework remains the same.

Despite the ability to preserve surface geometric detail, it
should be noted that almost those surface based deformation
methods do not take the volume of the object into account. As a
result, self-intersections might happen during deformation, and in
general the volume of the shape cannot be preserved. In other
words, surface based deformation methods are not well-suited for
the modeling of soft tissue, because approximately 70 percent of
the human body is based on water and the overall volume is well
maintained even during a large deformation.

A natural and straightforward solution to address this problem
is to extend the surface based deformation methods to volume
based approaches, and enforce volume preservation through an
explicit construction of a representation that models the interior
of the shape, e.g., using volumetric mesh. Fig. 1(a) illustrates a
360� large twist deformation of a bar-like tetrahedral volumetric
mesh by our method, and Fig. 1(b) shows the same deformation
of its boundary triangle surface mesh. Under this extreme
deformation, the surface based method leads to obvious shrinking
effect and volume losing in the cross-sectional areas, while the
volumetric mesh deformation exhibits much better volume
preservation property. This is because the volumetric mesh
deformation enables distance preservation not only on the
surface, but also throughout the interior of model, which makes
the deformation resistant to changes in volume and cross-
sectional areas.

Another important motivation to use volumetric deformation
it that there is some difference between the setting locations
of boundary conditions in most surface shape editing tasks and
bone-related planning boundary conditions in surgery. One
usually selects the boundary conditions on some ‘‘tip’’, ‘‘end’’, or
‘‘border’’ features, which are convenient to control the behavior of
the whole shape. But the bone repositioning boundary conditions
in surgery usually affect the ‘‘center’’ regions on one side of soft
tissue, if there is no internal mesh connection, the other side of
soft tissue will exhibit unnatural deformation or even serious local
self-intersections. Fig. 2(a)–(d) simulates a simplified soft tissue
represented by a rectangle of three layers of tetrahedral elements,
whose left and right boundaries are fixed, and the center location
of top surface is set as the moving handle. Natural and intuitive
deformation results are obtained for both the dragging up (Fig. 2(a)
and (b)) and pushing down operations (Fig. 2(c) and (d)). In
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Fig. 2. Drag and push on the center region of a simplified rectangle soft tissue. (a)–(d) Tetrahedral volumetric mesh. (e)–(h) Surface mesh.
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contrast, the deformation of its boundary surface mesh exhibits
unnatural volume changes in the dragging operation (Fig. 2(e)
and (f)), and serious local self-intersection in the pushing
operation (Fig. 2(g) and (h)). In other words, in addition to impose
volumetric constraints, working in the volumetric domain can
further avoid local self-intersections, and achieve better deforma-
tion propagation. This also benefit from the internal mesh
connections, which help to retain distances between diametrically
opposed vertices on the model’s surface, and prevent unintuitive
shape transformations.

Besides, it is important to note that most of these geometric
deformation techniques ignore the properties of the underlying
materials, and thus make it difficult to generate physically
plausible deformations, especially for inhomogeneous objects
such as soft tissue. Popa et al. [28] proposed a two step approach
to model surface deformation that incorporates non-uniform
materials based on the framework of deformation gradients
[22,27]. The material stiffness across the surface was specified
by a paint-like interface or learned from sample deformations. In
the first step, the deformation gradients defined at the anchor
triangles were propagated to remaining triangles by a weighted
blending. The interpolation weights were determined by solving
an edge material stiffness weighted quadratic minimization. In
the second step, optimal vertex positions were found such that
the gradient transformation of each triangle remained as close as
possible, in the least squares sense and weighted by the triangle
material stiffness, to the previously calculated transformation.
Thus, there were two different linear systems to be solved per
selection of anchors.

In this paper, we extend the idea of surface editing
with Poisson-based gradient field manipulation [19,23], edit
the tetrahedral mesh by volumetric gradient field, and employ
the volumetric harmonic field to handle the local transformation
problem. We notice that Zhou et al. [26] also proposed to use
volumetric deformation to achieve better volume preservation
properties. While they augment the surface mesh with an inner
regular grid, and employ a hybrid setting that using a triangle-
based Laplacian for the surface and a graph-based quadratic
programming formulation for computing interior weights. In
contrast, our unified tetrahedral volumetric Laplacian setting is a
lot less complex, and in addition to work with explicit rotational
constraints, we investigate a scheme to accept only translational
constraints to drive the deformation. Most importantly, to deal
with the inhomogeneous objects such as soft tissue, we integrate
the mesh cell material stiffness parameter into our new discrete
volumetric Laplacian operator, and maintain the convenience of
using harmonic field for local rotation interpolation.

The detailed method is described in Section 3. Then in Section
4, one typical maxillofacial surgery case is simulated by the new
methodology with inhomogeneous material estimated directly
from CT data. Finally, Section 5 summarizes our work.
3. Volumetric gradient based mesh deformation

Let M ¼ ðV;KÞ be the tetrahedral mesh we want to deform,
where V ¼ fvi 2 R3

j1pipng is a set of point positions, and K is
an abstract simplicial complex which contains all the vertex
connectivity information. There are four types of elements in K,
vertices fig, edges fi; jg, faces fi; j; kg, and tetrahedrons fi; j; p; qg.
Take the tetrahedral mesh as a volumetric domain O, a discrete
potential scalar field is defined as a piecewise linear function
uðxÞ ¼

P
i jiðxÞui, with ji being the piecewise linear basis function

valued 1 at vertex vi and 0 at all other vertices, and ui being the
value of u at vi.

3.1. Basic deformation

Follow the basic setup of [19], we consider the three
coordinates of a tetrahedral mesh as three scalar fields defined
on the volumetric domain. Since tetrahedral meshes are piecewise
linear models, such scalar fields are actually piecewise linear,
and satisfy the definition of discrete potential fields. Then, the
gradients of the coordinate functions x, y, z are encoded as the
volumetric differential properties. When provided with new
boundary conditions that stem from the user-defined modeling
constraints (for the most part, Dirichlet boundary conditions that
prescribe positions of some vertices), the deformed mesh can be
reconstructed by a global optimization process that looks for a
mesh whose gradients are as close as possible to the original
gradients. In the continuous formulation, the deformed mesh M0

is defined by the coordinate functions x0, y0, z0 that minimizeZ Z Z
O
krx0 � gxk

2 dV (1)

(and the same for y0, z0), under some modeling constraints, where
r ¼ ½@=@x; @=@y; @=@z�T is the gradient operator, and gx ¼ rx are the
gradients of the original mesh coordinate functions. The Euler–
Lagrange equation of this minimization is the Poisson equation

Dx0 ¼ Div ðgxÞ, (2)

where D ¼ @2=@x2 þ @2=@y2 þ @2=@z2 is the Laplacian operator, and
Div ¼ @=@xþ @=@yþ @=@z is the divergence operator.

Unfortunately, it is not straightforward for theoretical analysis
and practical computing to discretize Poisson equation defined on
an irregular 3D domain. Until recently Tong et al. [35] proposed
well-defined discrete differential operators of scalar and vector
fields on irregular tetrahedral mesh. For a piecewise linear scalar
field uðxÞ ¼

P
i jiðxÞui, its discrete gradient is ruðxÞ ¼

P
i uirjiðxÞ,

which is a piecewise constant vector field, e.g., inside each
tetrahedron the gradient is a constant vector. For such a piecewise
constant vector field w, the discrete divergence at a vertex vi is
defined as ðDiv wÞðviÞ ¼

P
TK2NTðiÞ

rjik �wkjTkj, where NTðiÞ is
the set of all tetrahedra immediately adjacent to the vertex i, rjik
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is the gradient of basis function at vertex i in tetrahedron Tk, wk is
the constant vector in Tk, and jTkj is the volume of tetrahedron.
Finally, the discrete Laplacian operator is formulated as Du ¼

DivðruÞ. But that needs a numerical process to form the global
Laplacian operator matrix by computing the non-zero coefficients
involved, because they did not reduce the definition to a simple
vertex-based linear formula like the well-known cotangent
weights Laplacian operator for triangular surface mesh, e.g.,
Dui ¼

P
vj2NVðiÞ

kijðui � ujÞ, where NVðiÞ is the set of vertices
immediately adjacent to vertex i, and kij ¼

1
2 ðcotaij þ cotbijÞ is a

scalar weight assigned to the edge ði; jÞ with aij and bij to be the
two angles opposite to the edge [36]. To improve this problem, we
deduced the vertex-based linear formula of volumetric Laplacian
operator, with details in Appendix A, which turns out that the
simple cotangent formula is still valid, by taking the dihedral
angles of the tetrahedra:

Dui ¼
X

vj2NVðiÞ

1

6

Xn

k¼1

lk cotðykÞ

 !
ðui � ujÞ, (3)

where lk ¼ lpq is the length of opposite edge ðp; qÞ to which edge
ði; jÞ is against, and yk ¼ ypq is the dihedral angle, such as shown in
Fig. 9 in Appendix A. It should be noted that there are probably
n42 tetrahedra incident to edge ði; jÞ. Then one can set the
volumetric mesh edge weight as wij ¼

1
6

Pn
k¼1 lk cotðykÞ, and get the

same vertex-based linear formula form as the surface mesh case,
which is considerably easier to use than the original definition
above.

Now, we shall describe the practical implementation of the
theoretical results presented above, which mainly involves the
construction of the global volumetric gradient operator matrix,
volumetric divergence operator matrix, and volumetric Laplacian
operator matrix.

As the gradient inside each tetrahedron ði; j; p;qÞ is a constant
vector wk, it is simple to verify that the follow equation holds:

ðvi � vqÞ
T

ðvj � vqÞ
T

ðvp � vqÞ
T

2
664

3
775 �wk ¼

1 0 0 �1

0 1 0 �1

0 0 1 �1

2
64

3
75

ui

uj

up

uq

2
66664

3
77775,

where

wk ¼ ½rji;rjj;rjp;rjq�

ui

uj

up

uq

2
66664

3
77775,

then the gradients of basis functions are

½rji;rjj;rjp;rjq� ¼

ðvi � vqÞ
T

ðvj � vqÞ
T

ðvp � vqÞ
T

2
664

3
775
�1

1 0 0 �1

0 1 0 �1

0 0 1 �1

2
64

3
75.

Take all m tetrahedra and n vertices of the mesh into
consideration, one can formulate the volumetric gradient ruðxÞ ¼P

i uirjiðxÞ using a global operator G, expressed as a 3 m� n

matrix that multiplies the n-vector of the discrete values ui to
obtain a vector of 3 m stacked gradients (each gradient having 3
spatial coordinates). Thus, one can write down the following
formula for the coordinate scalar field x (same for y and z) of input
mesh:

Gx ¼ gx. (4)

Assume M is a 3 m� 3 m diagonal ‘‘mass’’ matrix of the
volumes of the tetrahedra, it is simple to verify that matrix GT M
corresponds to the volumetric divergence operator ðDiv wÞðviÞ ¼
P
TK2NT ðiÞ

rjik �wkjTkj, and GT MG is none other than the volu-
metric Laplacian matrix. Of course, there is no need to use this
connective matrices operator, as we have deduced the vertex-
based linear formula of volumetric Laplacian operator, e.g., Eq. (3),
which can be easily represented as a sparse symmetric matrix L
containing the edge weights wij:

Lij ¼

�
P

vk2NVðiÞ

wik if i ¼ j;

wij if vj 2NVðiÞ;

0 if otherwise:

8>><
>>: (5)

Finally, we can get the discretized version of the Poisson
equation (2) as

Lx0 ¼ GT Mgx (6)

and the same for the other two coordinate functions.
Note that the matrix L is singular whose rank is n� 1 (assume

the tetrahedral mesh is single connected) like the surface mesh
case, in order to uniquely restore the global coordinates x0, one
needs to specify the coordinates of at least one vertex. This is of
course not a problem, as the user will define certain boundary
conditions to express their editing intention in the interactive
application. As shown in Fig. 2, this typically means to fix certain
mesh parts (usually on the surface) F �M, and to prescribe
displacements for the so-called handle region(s) H �M. The
boundary constraints are incorporated into system (6) by
eliminating rows and columns corresponding to the constraint
vertices vi 2F [H by bringing them to the right-hand side. This
yields a sparse, symmetric, and positive definite linear system

Au ¼ b. (7)

As the same linear system is solved three times only for
different right-hand side vector, and the coefficient matrix A is
only dependent on the original tetrahedral mesh and the regions
of boundary constraints F [H, the Cholesky factorization [37]

is constructed only once when the regions of constraints are
selected, while the user interaction with the handle region H
requires solely updating the right-hand side vector and then
solving by a quick back-substitution, which can achieve inter-
active rates.

However, the result of such editing approach is not satisfactory,
as it ignores the fact that the gradient is dependent on the
particular placement of the tetrahedral mesh in space, i.e., it is not
rigid-invariant, and thus when the mesh deforms, the representa-
tion must be updated. In other words, the inherent lack of rotation
and scale invariance of the linear operator requires local
transformation of the volumetric differential properties.

3.2. Local transformation by volumetric harmonic field

To address the local transformation problem, Yu et al. [19]
employed an explicit propagation scheme using geodesic field
on the surface. The transformation matrix for the handle H is
provided or deduced, e.g., from a transform UI attached to the
handle where the user visually manipulates the rotation axes.
Then the local transformations over the region of interest on the
mesh are interpolated according to the geodesic distance from the
handle. While, the discrete geodesic distances turned out to be a
suboptimal parameter to propagate the transformations because
they may be non-smooth and also attenuate the transformations
of highly protruding features too much [32]. Instead, Zayer et al.
[23] proposed to use harmonic fields on the surface for
deformation guidance, which results in a smooth transformation
propagation.

These ideas can be extended naturally to a volumetric
domain as we have deduced the volumetric Laplacian operator.
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A volumetric harmonic scalar field s defined over the tetrahedral
mesh vertices is determined by the Laplace equation

Ls ¼ 0, (8)

where the Dirichlet boundary conditions require si ¼ 0 for vi 2F
and si ¼ 1 for vi 2H. The resulting harmonic scalars smoothly
blend between 0 and 1 with no local extrema other than
constraint vertices. Note that there is additional advantage of
economic computation, as the system matrix for harmonic field is
the same matrix used for Poisson equation, the same factorization
can be used.

At each vertex, the value si is used to blend between the
transformation for the handle H (containing only rotational and
scaling components) with the identity for the fixed part F, which
generates a smooth deformation field. By sampling the deforma-
tion field at the barycenters of the tetrahedra, we obtain a
piecewise constant field, i.e., deformations per tetrahedron. Then
each tetrahedron is deformed separately, which yields a deformed
but fragmented, discontinuous mesh, from which the modified
volumetric gradient field g0x is computed. The deformed coordi-
nates x0 is solved by the new discretized Poisson equation

Lx0 ¼ GT Mg0x (9)

(and the same for the other two coordinate functions). It appears
that the Poisson reconstruction stitches disconnected tetrahedra
back together, resulting a satisfactory deformation.

However, this explicit propagation scheme is translation-
insensitive [32], e.g., only works when an appropriate rotation
transformation is specified at the handle in addition to transla-
tion. Fig. 3(a) illustrates a horizontal bar whose right end is
translated with no rotational transformation, and the deformation
with the explicit propagation scheme is of course unnatural and
not satisfactory. We can see that the gradient vectors of x
coordinates remain in original horizontal direction.

A possible solution to address this problem is to use a similar
iterative differential update technique as Au et al. [29], who
iteratively update the deformed surface Laplacian coordinate. That
is, at each iteration, we can perform an analysis of previous
deformation result to extract for each tetrahedron an estimate of
its rotational transformation, then, modify the volumetric gradi-
ent field as discussed above and solve for new deformation mesh
by Eq. (9). However, this direct and trivial update scheme does not
work for the gradient field based deformation approach. Such as
Fig. 3(b) shows, the gradient vectors of x coordinates have indeed
changed their directions, but the Poisson reconstruction gives the
same result as before.

Our key observation is that, the local rotations nearby the
constraint boundary regions should have similar transformations
Fig. 3. A horizontal bar whose right end is translated with no rotational transformation

of x coordinates remain in original horizontal direction. (b) Direct application of the

volumetric gradient field, but the deformation remains as before. (c) Our new blen

deformation result.
as the boundary (F [H), e.g., identical transformations in
current cases. While, all of these estimated rotational transforma-
tions from previous deformation are almost the same, which
leads to all the volumetric gradient vectors almost have the same
change, thus the Poisson reconstruction dose not work properly as
before. To address this problem, we provide a modified update
scheme: first, build the volumetric harmonic field as before and
sample the scalar value s at the barycenters of each tetrahedron;
then, do a hat-like map to the interval [0, 1], that is, map the old
value 0 and 1 to the new value 0, while the old value 0.5 to
the new value 1, e.g., a linear map ð1� 2 � ABSðs� 0:5ÞÞ, where ABS

represent an absolute value function, or a non-linear map
COSðp � ABSðs� 0:5ÞÞ, where COS represent the cosine function;
finally, these new scalars are used as weights to interpolate the
estimated rotational transformations and the identical transfor-
mation. Fig. 3(c) demonstrates the new updated gradient vectors,
and the Poisson reconstruction works properly this time.

Fig. 4(a)–(d) illustrate a horizontal bar with translational
constraints at the iteration step 1, step 6, step 10, and step 20,
using the linear map weights and (e)–(h) using the cosine map
weights. The non-linear map tends to produce more natural
deformation results. In our experiments, these iterations usually
converge in less than 10 steps.

We further point out that for the surface Laplacian coordinates,
the iterations may lead to accumulating tangential drift if applied
to the original geometry, making it necessary to work on the dual
mesh to avoid these problems. While we readily avoid this for
working on the tetrahedral configurations, thus stable even under
extreme conditions.
3.3. Inhomogeneous deformation by material weighted laplace

As discussed before, to generate physically plausible deforma-
tions for inhomogeneous objects such as soft tissue, one must take
the properties of the underlying materials into consideration. We
follow the spirit of [28] and use a volumetric scalar field m to
represent the material stiffness. Then, the basic minimization
formula (1) can be modified as

ZZZ
O

mkrx0 � gxk
2 dV . (10)

The result is that local regions with large material stiffness
will undergo less shape deformation, and local regions with small
material stiffness will allow for more shape deformation to
take place. This provides an intuitive mean of controlling the
deformation of inhomogeneous objects, and is agree with the
setup of those physics based methods, e.g., some material setting
. (a) The deformation with the explicit propagation scheme, whose gradient vectors

estimated rotational transformations from previous deformation can update the

ding scheme properly updates the volumetric gradient field, and improves the
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Fig. 5. (a) A bar with two different regions of materials, the red region is more soft

than the blue region. Inhomogeneous 360� twist deformation for (b) tetrahedral

volumetric mesh and (c) triangle surface mesh.
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methods in physics based methods can be used directly for our
approach.

The discretized version of the material weighted Poisson
equation turns out to GT MDGx0 ¼ GT MDgx, where D is a 3 m�
3 m diagonal weighted matrix containing the mesh cell material
stiffness mk in each tetrahedron Tk . As M is also a 3 m� 3 m
diagonal ‘‘mass’’ matrix of the volumes of the tetrahedra, it is
convenient to take them together and define a new diagonal
matrix M0 containing the weights mijTij. In addition, a similar
derivation to the Appendix A can be performed to define the
discrete material weighted volumetric Laplacian operator:

D0ui ¼
X

vj2NVðiÞ

1

6

Xn

k¼1

mklk cotðykÞ

 !
ðui � ujÞ. (11)

Thus, the final material weighted Poisson equation is

L0x0 ¼ GT M0g0x, (12)

where L0 is the new sparse symmetric Laplacian matrix containing
above material weighted coefficients. The solving procedure of the
new system is precisely the same as the original system Eq. (6)
or Eq. (9).

The additional advantage of the new material weighted
volumetric Laplacian operator is that we can maintain the
convenience of using harmonic field for deformation propagation
guidance, by using L0s ¼ 0. In other words, the same factorization
can still be used, and our inhomogeneous meth deformation
framework requires solving essentially only one linear system.

Note that the same derivation can be applied to the triangle
surface mesh, and the corresponding discrete material weighted
Laplacian operator turns out to

D0ui ¼
1

2
ðma cotaij þmb cotbijÞðui � ujÞ, (13)

where ma and mb are the material stiffness of the two triangles
adjacent to edge ði; jÞ. We thus call both of them as material
Fig. 4. (a)–(d) A horizontal bar with translational constraints at the iteration step 1, step

map weights.
weighted cotangent Laplacian operators. Fig. 5 demonstrates an
inhomogeneous 360� twist of a bar with two different regions of
materials, the advantages of using volumetric deformation over
surface deformation is the same as before.

We further point out that our integration of the mesh cell
material stiffness parameter into the geometric aware cotangent
Laplacian operator is not only convenient, but also is necessary.
The material weighted quadratic minimization for blending
anchor transformations in [28] is essentially a Laplace equation
weighted by the stiffness parameters [32]. Like the uniform
Laplacian operator, it takes neither edge lengths nor angles into
account, and cannot provide a good approximation for irregular
meshes. Fig. 6 illustrates a bar with different regions of mesh
density under 360� twist. Fig. 6(a) shows the propagation
harmonic field generated by the geometric aware cotangent
Laplacian, while Fig. 6(b) by the non-geometric Laplacian.
Fig. 6(c) and (d) illustrate the corresponding deformation results
(Note that the Laplacian operator for Poisson reconstruction is the
same). We can see that the second harmonic field value pattern is
6, step 10, and step 20, using the linear map weights and (e)–(h) using the cosine
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asymmetrical, which leads to unnatural shrinking effect in some
area, such as the region pointed by the red arrow in Fig. 6(d),
whereas the geometric aware cotangent weighting enables to
eliminate the influence of the meshing bias, which leads to
smooth and natural deformation result.
4. Maxillofacial surgery simulation

We shall now describe the procedure of a typical maxillofacial
surgery simulation.

The results of lateral cephalometric analysis on the 2D X-ray
image (Fig. 7(a)) and 3D anatomical measurements on the
reconstructed model from CT data suggested that a mandibular
advancement surgery should be performed. The stand treatment
is a procedure called bilateral sagittal split ramus osteotomies
(BSSRO) to pull forward the anterior inferior mandible on the
horizontal plane of mandibular dentition, such as illustrated in
Fig. 7(b). The problem is how much should the displacement be.
In other words, one needs a tool to predict the facial soft
tissue change or deformation resulting from bone repositioning
Fig. 6. Twist of a bar (360�) with different regions of mesh density: (a) shows the

propagation harmonic field generated by the geometric aware cotangent Laplacian

(red color represents value 1, blue color represents value 0), (b) by the non-

geometric Laplacian. (c) and (d) show the corresponding deformation results.

Fig. 7. (a) 2D lateral X-ray image. (b) Bilat
boundary conditions, with interactive performance, to determine
a best surgical planning.

To address this problem, the tetrahedral volumetric mesh
of the facial soft tissue was constructed from CT data using a
modified biomechanical semi-automatic mesh generator [38],
such as demonstrated in Fig. 8(a). The interface region with the
moving anterior inferior mandible was defined as the handle H
with corresponding displacement, and the interface with other
craniofacial bone was set as the fixed part F. The deformation
result is illustrated in Fig. 8(b) using the best bone repositioning
plan by interactive comparing.

Because the post-operative CT data are currently unavailable,
the FEM simulation result is considered to be the ground truth
as its prediction achieves relatively high accuracy [18]. The
soft tissue was assumed to behave as an inhomogeneous linear
elastic continuum, and the element-by-element material property
assignment was accomplished by finding the number of CT scan
pixels lying within each element as well as the gray values [39].
These inhomogeneous materials were directly applicable for our
deformation approach.

Fig. 8(c) shows the FEM deformation result, with color
mapping of the difference with Fig. 8(b). The statistical results
demonstrated that the peak vertex difference was below 0.8 mm,
and the average vertex difference was only about 0.05 mm. The
simulation time of FEM was about 30 min, while our deformation
achieved interactive performance (Table 1).
5. Conclusions

This paper presented a novel inhomogeneous volumetric mesh
deformation approach by gradient field manipulation. The volu-
metric deformation approach inherits the strengths of recent
surface differential deformation techniques: it is very efficient,
simple to implement, and robust. By working in the volumetric
domain instead of on the mesh surface can effectively impose
volumetric constraints to avoid unnatural volume changes and
local self-intersections, and achieve better deformation propaga-
tion for most of bone repositioning boundary conditions in
surgery simulation. In addition, the system can deal with both
explicit rotational constraints and/or only translational con-
straints to drive the deformation, thus is very easy to use.

In particular, we proposed the material weighted cotangent
Laplacian operator to generate physically plausible deformations
for inhomogeneous objects such as soft tissue. The inhomoge-
neous deformation framework requires solving essentially only
one linear system and is very efficient. The method can provide
real-time interactive performance for surgery simulation, yet the
quality of simulation is comparable to FEM based model.
eral sagittal split ramus osteotomies.
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Fig. 8. Tetrahedral mesh of the facial soft tissue. (b) Our volumetric mesh deformation. (c) FEM deformation, with color mapping of the difference to (b).

Table 1
Statistics and timing on a 3 GHz Intel Pentium IV with 4 Gb of RAM.

Object Vertices Tetrahedra Factorization

time (s)

Three times back

substitution (s)

Test 1 2541 12,000 0.094 0.016

Test 2 7381 36,000 0.438 0.047

Test 3 12,896 67,500 5.031 0.234

Test 4 22,491 120,000 7.375 0.406

Test 5 34,476 187,500 16.797 0.838

Surgical

face

9232 28,596 0.094 0.031

Fig. 9. Illustration for discrete volumetric Laplacian operator.
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Although designed for biomechanical tissues and computer
surgery simulation, the inhomogeneous volumetric mesh defor-
mation approach could be used directly in other virtual and
simulation tasks in computer graphics.

In the near future we will validate this new model on a
database of several patients who had a facial surgery, and
compare the predicted facial contour with the real post-operative
result.
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Appendix A. Discrete volumetric Laplacian operator

In this section, we simplify the discrete Laplacian formula in
[35]: Du ¼ DivðruÞ, and reduce it to the simple form of vertex-
based Laplacian operator (Fig. 9).

From the definition of gradient ruðxÞ ¼
P

i uirjiðxÞ and
divergence ðDiv wÞðviÞ ¼

P
TK2NTðiÞ

rjik �wkjTkj, we get Dui ¼P
TK2NTðiÞ

rjik � ð
P

j ujkrjjkÞjTkj. First consider the case of one
tetrahedron Tk ¼ ði; j;p; qÞ, such as shown in Fig. 9. The gradient
of hat basis function is rji ¼ �ni=Hi ¼ �niSi=3jTj, and Si ¼

�
P

jai ni � njSj, ni � nj ¼ � cos ypq, Hi ¼ hipq sin ypq, where ypq is
the dihedral angle of the opposite edge ðp; qÞ to which edge ði; jÞ is
against. Therefore, the following equations hold:

rji �
X

j

ujrjj

0
@

1
AjTj

¼
�niSi

3jTj

�niSi

3jTj
ui þ
�njSj

3jTj
uj þ
�npSp

3jTj
up þ

�nqSq

3jTj
uq

� �
jTj

¼
1

9jTj
�
X
jai

ni � njSiSjðui � ujÞ

0
@

1
A

¼
1

3SiHi

X
jai

cos ypqSi
1

2
lpqhipq

� �
ðui � ujÞ

0
@

1
A

¼
X
jai

1

6
lpq cotypqðui � ujÞ,

where lpq is the length of opposite edge ðp; qÞ.
Take all tetrahedra incident to vertex vi into consideration, one

can get the simple vertex-based form of discrete volumetric
Laplacian operator:

Dui ¼
X

vj2NVðiÞ

1

6

Xn

k¼1

lk cotðykÞ

 !
ðui � ujÞ,

where NVðiÞ is the set of vertices adjacent to vertex vi, lk ¼ lpq is
the length of opposite edge ðp;qÞ to which edge ði; jÞ is against, and
yk ¼ ypq is the dihedral angle. It should be noted that there are
probably n42 tetrahedra incident to edge ði; jÞ.
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